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a b s t r a c t
Various topological indices have been put forward in different studies, from biochemistry
to pure mathematics. Among them, the Wiener index, the number of subtrees, and
the Randić index have received great attention from mathematicians. In the study of
extremal problems regarding these indices among trees, one interesting phenomenon is
that they share the same extremal tree structures. Much effort was devoted to the study
of the correlations between these various indices. In this note we provide a common
characteristic (the ‘semi-regular’ property) of these extremal structures, with respect to
the abovementioned indices, among treeswith a givenmaximumdegree. This observation
leads to a more unified approach for characterizing these extremal structures. As an
application/example, we illustrate the idea by studying the extremal trees, regarding the
sum of distances between all pairs of leaves of a tree, a new index, which recently appeared
in phylogenetic tree reconstruction, and the study of the neighborhood of trees.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
All graphs in this paper will be finite, simple, and undirected. A tree T = (V , E) is a connected, acyclic graph. V (T ) and
E(T ) denote the vertex set and edge set of a tree T , respectively. We refer to vertices of degree 1 of a tree T as leaves, and
the edges incident to leaves are called pendant edges. The unique path connecting two vertices v, u in T will be denoted by
PT (v, u). For a tree T and two vertices v, u of T , the distance dT (v, u) between them counts the number of edges on the path
PT (v, u).
For any vertex v ∈ V (T ), let d(v) denote the degree of v, i.e., the number of edges incident to v. The degree sequence of a
tree is the sequence of the degrees (usually in descending order) of the non-leaf vertices.
We call a tree (T , r) rooted at the vertex r (or just T if it is clear what the root is) by specifying a vertex r ∈ V (T ). The
height of a vertex v of a rooted tree T with root r is hT (v) = dT (r, v), while the height of T , denoted by h(T ), is just the
greatest height of its vertices. Note that this concept is also known as depth in the literature.
For any two different vertices u, v in a rooted tree (T , r), we say that v is a successor of u (or u is an ancestor of v) if
PT (r, u) ⊂ PT (r, v); we also say that v is a child of u and u is the parent of v if, in addition, they are adjacent. For a vertex v
in a rooted tree (T , r), T (v) or Tv will denote the subtree rooted at v, induced by v and all its successors.
TheWiener index of a tree T ,
W (T ) =
−
u,v∈V (T )
dT (v, u),
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introduced byWiener [15], has been one of themostwidely used descriptors in quantitative structure–activity relationships.
Since the majority of the chemical applications of the Wiener index deal with chemical compounds with acyclic molecular
graphs, the Wiener index of trees has been extensively studied over the past years; see [3] and the references there for
details.
Given a tree T , a subtree of T is just a connected induced subgraph of T . The number of subtrees as well as related subjects
has been studied; see [11] and the references there for details. We denote by F(T ) the number of subtrees of T and fT (v) the
number of subtrees of T that contain the vertex v.
Another well known index in chemistry is the Randić index, wα = ∑uv∈E(T )(d(u)d(v))α , where the sum is over all pairs
of adjacent vertices and α ≠ 0.
In recent years, the Randić index, which is also known as connectivity index, has been vigorously studied in the
mathematical literature; see [2] and the references there for details. When α = 1, we write w(T ) := w1(T ), and call it
the weight of T . We will study the extremal behavior ofw(T ).
It is well known that the Wiener index is maximized by the path and minimized by the star among general trees with
the same number of vertices. Similar results were achieved for trees of given maximum degree [4] and trees with a given
degree sequence [13]. The extremal behavior of the number of subtrees F(T )was first studied for binary trees [11], and later
extended to trees with a given maximum degree [8]. For the Randić index, the extremal tree with a given degree sequence
was characterized in [9].
It is interesting that these three indices share exactly the same extremal structure (i.e. the tree thatmaximizes/minimizes
the corresponding index) among trees with a given number of vertices and maximum degree, although the values of
the indices are in no general functional correspondence. The correlation between these and other indices has been the
subject of investigation in the recent work of Wagner [12]. Motivated by the work of Humphries and Wu [5,6], in this
paper we introduce an alternative description of this extremal structure, which we will call the ‘semi-regular’ property;
see (Theorem 2.4). This observation leads to a more unified approach to studying these extremal structures.
First, as an illustration of the idea, we apply the semi-regularity approach to the recently introducedΓ -index (see below)
and show that the extremal tree with respect to it also shares the same structure.
Let L(T ) be the leaf set of a tree T . The Γ -index of T (a concept analogous to the Wiener index) is defined as the sum of
the distances between all pairs of leaves. That is,
Γ (T ) :=
−
u,v∈L(T )
dT (u, v) =
−
e∈E
|LT (Ae)| · |LT (Be)|,
where Ae|Be denotes the L(T )-split induced by e (i.e. Ae and Be denote the sets of vertices in the components of T − e). Let
LT (A) denote the set of leaves in L(T ) from a subtree or a set A ⊆ V (T ).
TheΓ -index appeared in the study of the size of the TBR (Tree Bisection and Reconnection) neighborhood of phylogenetic
binary trees [6]. The size of the TBR neighborhood depends on the tree topology through the Γ -index. That is, any two
phylogenetic binary trees with n leaves have the same TBR neighborhood size if and only if their Γ -indices are equal. TBR is
one of the important tree transforming operations used for designing Monte Carlo Markov Chains over the tree space, often
with optimizing a criterion for reconstruction in mind. The neighborhood size closely connects to the complexity of some
reconstruction algorithms [1]. For more background on phylogenetic trees, we recommend [10].
The trees that maximize andminimize the value of theΓ -index are characterized for binary trees [6], and these extremal
trees coincide with the ones previously found as extremal for the Wiener index and the number of subtrees. A simple
functional relation between W (T ) and Γ (T ) was established in [14]. Although this functional relation holds for binary,
or more generally, for k-ary trees, it fails for trees without such assumptions. In the current article, we employ the semi-
regular approachmentioned above, inspired by [5,6], and generalize the cited results to treeswith a givenmaximumdegree.
In particular, we characterize the extremal structures regarding the Γ -index, among trees with a given maximum degree
and a given number of vertices (leaves). As expected, they turn out to be the same as the extremal structures for theWiener
index in corresponding categories.
In Section 2, we first describe the extremal structure among trees with a given maximum degree and define the ‘semi-
regular’ property. Then in Section 3, we will show that the extremal structures with respect to various indices, in particular
theΓ -index, possess this property. In thiswaywe introduce amore unified approach for studying these extremal structures.
In addition, we show in Section 4, how a variation of the ‘semi-regular’ property can be applied to trees with a given degree
sequence.
2. The extremal tree for a given maximum degree d
2.1. Good trees
For any edge e = (u, v) in T , the removal of e induces a canonical decomposition of T into two disjoint rooted
subtrees Tu and Tv , with roots u and v, respectively. Sometimes these are called edi-subtrees (a.k.a. edge-deletion-induced
subtrees). Similarly, by considering the components containing u and v, respectively, in T − E(PT (u, v)), we associate a
canonical pair of disjoint rooted trees {Tu, Tv} with any pair {u, v} ∈ V (T ). On the other hand, for any vertex v ∈ T with
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Fig. 1. The good tree in U427 .
neighborhood {v1, . . . , vp}, there exists a canonical decomposition of T (with respect to v) into p subtrees Tvi rooted at vi for
each i ∈ {1, . . . , p}. Unless stated otherwise, we assume that all rooted subtrees of T are obtained in one of these ways.
Let Rdn be the set of rooted trees with n leaves such that the number of the children of any vertex is at most d, and we
put Rd := ∪∞n=1 Rdn. A tree T ∈ Rdn with root ρ is called complete (of height k) if |L(T )| = dk with k := h(T ). Note that in
this case the d subtrees attached to ρ are all complete of height k − 1. (We really ought to talk about d-complete trees, as
sometimes we deal with (d−1)-complete trees, but we hope that dropping this prefix causes no confusion.) A single vertex
is a complete tree of height 0. By incomplete tree we mean a tree that is not complete.
We define good trees of height k recursively. A tree T ∈ Rdn with 1 < n ≤ d is good if and only if h(T ) = 1. Height
k d-complete trees are height k good trees. A tree T ∈ Rdn with n ≥ d is good of height k if among the d subtrees attached to
the root, one is a good tree of height k−1 and the others are complete with height k−1 or k−2. Note that if T is good (resp.
complete), then T (v) is also good (resp. complete) for every v ∈ V (T ). (We really ought to talk about d-good trees, but in
this paper we never talk about good trees with respect to different degrees. The concept of 2-good trees coincide with the
concept of rgood binary trees in [11].)
Clearly, if T ∈ Rdn is a good tree of height k, then we have |L(T )| ∈ (dk−1, dk]. Furthermore, there is essentially (i.e., up to
isomorphism) a unique good tree T in Rdn (this rather trivial fact was mentioned in [11]).
Let Udn be the set of unrooted trees with n leaves and vertex degrees not exceeding d, and we put U
d := ∪∞n=1 Udn. Then a
tree T ∈ Udn (with n > d) is called good (with height k+ 1) if there exists a vertex v in T with degree d such that all rooted
subtrees in the canonical decomposition of T with respect to v are complete with height k or k−1 except possibly one good
rooted tree with height k. Also note that a tree T ∈ Udn with n ≤ d is good if and only if T is a star, and that there is essentially
(i.e., up to isomorphism) one good tree T in Udn. (For d = 2, this concept coincides with the good binary tree in [11].)
Intuitively, we get the graphs described above by simply filling the distance levels (i.e. the groups of vertices on the
horizontal lines in Fig. 1) as long as there are still vertices (leaves) available; see Fig. 1.
Although stated differently due to different terminologies, it has been shown in previous work [4,7,8] that:
Among trees of the same number of vertices with maximum vertex degree d, precisely the good tree minimizes the Wiener index
and maximizes the number of subtrees.
Good trees are also extremal regarding the Randić index, which can be viewed as a corollary of [9].
We will show that the above results can be proved by using the ‘semi-regular’ property, in particular that the good tree
is also extremal with respect to the Γ -index:
Theorem 2.1. Among trees withmaximum vertex degree d and a given number of leaves, precisely the good tree minimizesΓ (T ).
2.2. Semi-regularity
Suppose that {Tu, Tv} is the canonical pair of rooted subtrees associated with a pair of non-leaf vertices {u, v} in a tree
T ∈ Udn after the removal of the edges of the uv path. Denote the set of subtrees attached to u in Tu by {T 1u , . . . , T au } (a ≤ d−1)
and the set of subtrees attached to v in Tv by {T 1v , . . . , T bv } (b ≤ d− 1).
Definition 2.2. With the notation above, a pair {u, v} is called ‘semi-regular’ if one of the following two conditions holds:
(i) a = d− 1 and min{|LT (T 1u )|, . . . , |LT (T au )|} ≥ max{|LT (T 1v )|, . . . , |LT (T bv )|};
(ii) b = d− 1 and max{|LT (T 1u )|, . . . , |LT (T au )|} ≤ min{|LT (T 1v )|, . . . , |LT (T bv )|}.
Furthermore, a tree T in Udn is called ‘semi-regular’ if every pair of two distinct non-leaf vertices of T is semi-regular.
Remark. It follows from this definition that in a semi-regular tree, there is at most one non-leaf vertex that is not of the
maximum degree, and that such a vertex, if it exists, cannot be adjacent to more than one non-leaf vertex.
The following lemma shows some useful characteristics of a semi-regular tree. Note that if T ∈ Ud and Tv is a rooted
subtree of T (obtained by some decompositions), then Tv belongs to Rd−1.
Lemma 2.3. Given a semi-regular tree T in Udn, and a canonical pair of disjoint rooted subtrees {Tu, Tv} of T , the following holds:
(i) If Tu and Tv have the same height k, then (d− 1)k−1 < |LT (Tu)|, |LT (Tv)| ≤ (d− 1)k holds and at least one of Tu and Tv is
complete;
(ii) If (d− 1)k−1 < |LT (Tv)| ≤ |LT (Tu)| = (d− 1)k, then Tu is a complete tree and Tv is a good tree, both with height k.
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Proof. (i) The proof is by induction; the statement is clearly true for k = 1, 2. For larger k, suppose that Tu and Tv
both have height k, and that the assertion holds for any k′ < k. We want to show that either Tu or Tv is complete, and
(d − 1)k−1 < |LT (Tu)|, |LT (Tv)| ≤ (d − 1)k holds. Note that by the remark after Definition 2.2, u and v are both of the
maximum degree d.
First, if neither Tu nor Tv is complete, then from the induction hypothesis that there exists atmost one incomplete induced
subtree of height k − 1 in T , let (without loss of generality) such a subtree be in Tv (if it is among the subtrees in Tu and
Tv). Since Tu is not complete, we may assume that there exist two subtrees T 1u and T
2
u attached to the root of Tu such that
h(T 2u ) < k− 1 and T 1u is complete with h(T 1u ) = k− 1. Since Tv is not complete, then we can assert that among the subtrees
attached to v in Tv , either there are some complete subtrees with height k− 1 and subtrees with height less than k− 1, or
there exists an incomplete subtree, say T 1v , of height k − 1. But this implies a contradiction that {u, v} is not semi-regular:
indeed, this clearly holds in the first case; in the second case, it follows from the observation that
|LT (T 2u )| ≤ (d− 1)k−2 < |LT (T 1v )| < (d− 1)k−1 = |LT (T 1u )|,
where we use the induction assumption and the assumption that T 1v is an incomplete tree of height k− 1.
Now if both Tu and Tv are complete, then we have |LT (Tu)| = |LT (Tv)| = (d − 1)k, and hence the induction step clearly
holds. If one of them, say Tv , is not complete, Tu must be complete, and then among the d−1 subtrees Tv1 , . . . , Tvd−1 attached
to v in Tv , there exists at least one, say Tv1 , that has height k− 1. Note that for any child u1 of u in Tu, Tu1 is a complete tree
with height k− 1. Hence we can fix a complete subtree T 1u1 of Tu1 that has height k− 2 and is attached to u1. Now we have
|LT (Tv1)| > (d− 1)k−2 = |LT (T 1u1)|, (1)
where the first inequality follows from the induction assumption. Since {u1, v} is semi-regular, by (1) we can conclude that
min{|LT (Tv1)|, . . . , |LT (Tvd−1)|} ≥ max{|LT (T 1u1)|, . . . , |LT (T d−1u1 )|} ≥ (d− 1)k−2.
Together with (1), this implies |LT (Tv)| > (d− 1)k−1, as required.
(ii) First of all, it is easy to see that Tu has to be complete with height k. We show that Tv is a good tree with height k by
induction; the initial cases for k = 1, 2 follow from the definition. For larger k with (d − 1)k−1 < |LT (Tv)| ≤ |LT (Tu)| =
(d − 1)k, note that the root in Tv (namely the vertex v) has d − 1 children {v1, . . . , vd−1} by the remark of Definition 2.2.
Since Tu is complete of height k, Tu1 is a complete tree with height k − 1 for a child u1 of u in Tu. By the semi-regularity of
{u, v} and {u1, v}, we have (d− 1)k−2 ≤ |LT (Tvi)| ≤ (d− 1)k−1 for each i ∈ {1, 2, . . . , d− 1}; hence h(Tvi) ∈ {k− 2, k− 1}.
By applying Assertion (i) to {Tvi , Tvj} for any pair of i, j, we conclude that there is at most one incomplete subtree, say Tvl , in
{Tv1 , . . . , Tvd−1}. We must have h(Tvl) = k− 1 since |LT (Tvl)| ≥ (d− 1)k−2. Applying the induction hypothesis to Tvl and Tu1
yields that Tvl is a good tree, and hence Tv is a good tree with height k, which completes the induction. 
The following theorem generalizes a result established for binary trees in [6]. We show the equivalence between the
good trees and semi-regular trees.
Theorem 2.4. A tree T in Udn is semi-regular if and only if T is good.
Proof. ‘‘⇐’’ This direction clearly holds by noting that if {u, v} is a pair of non-leaf vertices for a good tree T , then Tu and Tv
are both good with different heights, or with the same height but one is complete; either way the semi-regularity of {u, v}
is readily checked.
‘‘⇒’’ Take one of the longest paths in a semi-regular tree and the edge in the middle (or as middle as possible), say uv,
and consider the two subtrees Tu and Tv . Their heights differ by at most one, and assume without loss of generality that
h(Tu) ≥ h(Tv). There are two cases:
Case 1: h(Tu) = h(Tv) = k. By Lemma 2.3, one of them is complete and the other is a good tree. It follows immediately from
the definition that T is a good tree.
Case 2: h(Tu) = k + 1 and h(Tv) = k. Note that deg(u) = d by the remark of Definition 2.2. Let {u1, u2, . . . , ud−1} be the
children of u in Tu, and assume without loss of generality that h(Tu1) = k. Then applying Lemma 2.3 to Tv and Tu1 yields that
they are both good trees of height kwith at least one being complete.
If Tu1 is complete, then by the semi-regularity of {v, u} one concludes that h(Tui) = k for i = 2, . . . , d− 1. Furthermore,
applying Lemma 2.3 to these subtrees and Tv yields that only one of them is not complete of height k. Now considering the
canonical decomposition of T with respect to u, we conclude that T is a good tree.
Otherwise, Tv is complete. Let v := u1, u := u and u1 := v; we get the case discussed above. 
3. Extremal trees with ‘semi-regular’ property
First we show in detail the semi-regular property for the extremal trees regarding the Γ -index, by which Theorem 2.1 is
a direct corollary of Theorem 2.4.
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Fig. 2. The tree T ′ in (b) is obtained from T in (a) via a swap described in Lemma 3.1. In this case we have u := u0, v := u4, T ′u1 = T 3u , T ′u2 = T 1v , T ′v1 =
T 2u , T
′
v
2 = T 2v and T ′v3 = T 1u .
Lemma 3.1. If T is a tree in Udn with Γ (T ) ≤ Γ (T ′) for all T ′ ∈ Udn, then T is semi-regular.
Proof. Let u := u0, u1, . . . , ut := v be the unique path in T connecting two non-leaf vertices u and v (Fig. 2(a)). To simplify
notations, we put α = α1 + · · · + αa with αi := |LT (T iu)| for each i and β = β1 + · · · + βb with βj := |LT (T jv)| for each j.
Without loss of generality, we assume α1 ≤ α2 ≤ · · · ≤ αa and β1 ≤ β2 ≤ · · · ≤ βb.
For 0 < j < t , let Tuj be the subtree of T containing uj obtained by removing the edges on PT (u, v), and put zj = |LT (Tuj)|.
We also use the convention that z0 = zt = 0.
Putting p := p0 + · · · + pt with pi := z0 + · · · + zi and q = q0 + · · · + qt with qi := zt + · · · + zt−i, we will prove the
lemma for the case p ≤ q; the other case is similar.
Assume for contradiction that neither (i) nor (ii) in Definition 2.2 holds. Note that a, b ≥ 1 since they are not leaves.
Consider two cases:
Case 1: If a+ b ≤ d− 1, consider a new tree T ′ obtained from T by removing all ‘branches’ T iu from u and reattaching them
to v;
Case 2: If a + b ≥ d, we construct T ′ by taking the d − 1 largest elements from the set {α1, . . . , αa, β1, . . . βb}, and then
attaching the corresponding ‘branches’ T iu or T
j
v to v, and the remaining ‘branches’ to u.
We can define α′, β ′ for the tree T ′ similarly (Fig. 2(b)). It is obvious that α′ = 0 in case (1). In case (2), since (ii) of
Definition 2.2 does not hold in T , we must have α′ < α. Also, from the construction we see that α′ results from the smallest
a+ b− (d− 1) ‘branches’. Therefore α′ < β , and then we have
2Γ (T )− 2Γ (T ′) =
t−
i=0
[(α + pi)(n− α − pi)+ (β + qi)(n− β − qi)
− (α′ + pi)(n− α′ − pi)− (β ′ + qi)(n− β ′ − qi)]
=
t−
i=0
[(α′)2 + (β ′)2 − α2 − β2 + (α − α′)(n− 2pi)+ (β − β ′)(n− 2qi)]
= 2(α′ − α)[(α′ − β)(t + 1)+ (p− q)]
> 0.
Note that T ′ ∈ Udn in case (2); hence this provides a contradiction as required in this case. For case (1), we have T ′ ∈ Udn+1.
Without loss of generality, we may assume that u and v are chosen in a way such that there exists a vertex u∗ in T ′ that is
adjacent to at least two leaves. Let v∗ be a leaf adjacent to u∗ and consider the tree T ′′ obtained from T ′ by deleting v∗ and
the pendant edge (u∗, v∗). Then we have T ′′ ∈ Udn and Γ (T ) > Γ (T ′) > Γ (T ′′), a contradiction as required. 
Next we will focus on trees with a given maximum degree and illustrate the idea of applying ‘semi-regularity’ to other
graphical indices, namely the Wiener index, the number of subtrees and the weight of a tree.
For theWiener index, recall that |V (T )| is the number of vertices in a tree T . Let u, v be any pair of vertices defined as in
Definition 2.2. The same argument shows the following ‘semi-regularity’.
Lemma 3.2. If T is a tree in Udn with W (T ) ≤ W (T ′) for any T ′ ∈ Udn, then one of the following must hold:
(i) a = d− 1 and min{|V (T 1u )|, . . . , |V (T au )|} ≥ max{|V (T 1v )|, . . . , |V (T bv )|};
(ii) b = d− 1 and max{|V (T 1u )|, . . . , |V (T au )|} ≤ min{|V (T 1v )|, . . . , |V (T bv )|}.
Given a tree T , recall that F(T ) denotes the number of subtrees of T and fT (v) denotes the number of subtrees of T that
contain the vertex v. Then once again, we have a lemma.
Lemma 3.3. If T is a tree in Udn with F(T ) ≥ F(T ′) for any T ′ ∈ Udn, then one of the following must hold:
(i) a = d− 1 and min{fT1u (r1u ), . . . , fTau (rau)} ≥ max{fT1v (r1v ), . . . , fTbv (rbv )};
(ii) b = d− 1 and max{fT1u (r1u ), . . . , fTau (rau)} ≤ min{fT1v (r1v ), . . . , fTbv (rbv )}.
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Here we use r iu (r
j
v) to denote the obvious root of the subtree T
i
u (T
j
v). The proof is a little more involved but the idea is still
to reattach the branches and then compare.
For the Randić index wα = ∑uv∈E(T )(d(u)d(v))α , we work with positive α and use the special case α = 1 (weight of T )
to illustrate the idea. Using the same definition for r iu and r
j
v , we have the following ‘semi-regularity’ property.
Lemma 3.4. If T is a tree in Udn withw(T ) ≥ w(T ′) for any T ′ ∈ Udn, then one of the following must hold:
(i) a = d− 1 and min{d(r1u ), . . . , d(rau)} ≥ max{d(r1v ), . . . , d(rbv )};
(ii) b = d− 1 and max{d(r1u ), . . . , d(rau)} ≤ min{d(r1v ), . . . , d(rbv )}.
This time the proof is even easier due to the nature of this concept. We only need to consider the degrees of u and v; the
proof is skipped.
With Lemmas 3.2–3.4, one can easily modify the proof of Lemma 2.3 and Theorem 2.4 to show that the corresponding
extremal tree is a good tree.
Remark. For a ‘general’ solution, one can show that the conditions in each of the Lemmas 3.1–3.3 imply the conditions in
3.4 and apply a more straightforward version of Lemma 2.3 and Theorem 2.4.
4. Trees with a given degree sequence
In this section, we consider the extremal trees with a given degree sequence. Note that both the number of the vertices
and the number of leaves are fixedwhen the degree sequence is given. First we provide the following observation analogous
to the semi-regular property.
Lemma 4.1. Let T be a tree such that Γ (T ) ≤ Γ (T ′) holds for all trees T ′ with the same degree sequence. Given any path
u := u0, u1, . . . , ut := v with u, v ∉ L(T ), then for the set of subtrees {T 1u , . . . , T au } attached to u and {T 1v , . . . , T bv } attached to
v such that v ∉ T iu and u ∉ T jv hold for each i and j, we have either
a ≥ b and min{|LT (T 1u )|, . . . , |LT (T au )|} ≥ max{|LT (T 1v )|, . . . , |LT (T bv )|} (2)
or
b ≥ a and max{|LT (T 1u )|, . . . , |LT (T au )|} ≤ min{|LT (T 1v )|, . . . , |LT (T bv )|}. (3)
Proof. The proof is similar to that of Lemma 3.1: let α, β, p, q be defined in the same way and we also only show the case
p ≤ q here since the other one is similar.
Let I and J be the two sets of subtrees such that |I| = min{a, b}, |J| = max{a, b},
I ∪ J = {T 1u , . . . , T au , T 1v , . . . , T bv }
and the number of leaves of each subtree in I is smaller than or equal to that of any subtree in J .
Now let T ′ be a tree obtained from T by attaching every subtree in I to u and attaching every subtree in J to v. Similarly,
we can define α′, β ′ for the tree T ′. Note that T ′ and T have the same vertex degree sequence.
Now if neither (1) nor (2) holds, then from the construction we know α′ < α and α′ < β . Using an argument similar to
that in Lemma 3.1 we have
2Γ (T )− 2Γ (T ′) = 2(α′ − α)[(α′ − β)(t + 1)+ (p− q)] > 0,
a contradiction as required. 
Following Lemma 4.1 is a corollary similar to Lemma 3.4:
Corollary 4.2. Let T be a tree such that Γ (T ) ≤ Γ (T ′) holds for all trees T ′ with the same degree sequence. Given any path
u := u0, u1, . . . , ut := v with u, v ∉ L(T ), then for the set of subtrees {T 1u , . . . , T au } attached to u and {T 1v , . . . , T bv } attached to
v such that v ∉ T iu and u ∉ T jv hold for each i and j, we have either
a ≥ b and min{d(r1u ), . . . , d(rau)} ≥ max{d(r1v ), . . . , d(rbv )}
or
b ≥ a and max{d(r1u ), . . . , d(rau)} ≤ min{d(r1v ), . . . , d(rbv )}.
The concept of the greedy tree is a generalization of the concept of the good tree. Greedy trees appeared in [13] and are
shown to minimize the Wiener index among trees with a given degree sequence. Fig. 3 shows a greedy tree with degree
sequence {4, 4, 4, 3, 3, 3, 3, 3, 3, 3, 2, 2}.
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Fig. 3. A greedy tree.
Definition 4.3. Suppose the degrees of the non-leaf vertices are given; the greedy tree is constructed by the following
‘greedy algorithm’:
(i) Label the vertex with the largest degree as v (the root);
(ii) Label the neighbors of v as v1, v2, . . . , and assign the largest degrees available to them such that d(v1) ≥ d(v2) ≥ · · ·;
(iii) Label the neighbors of v1 (except v) as v11, v12, . . . such that they take all the largest degrees available and that
d(v11) ≥ d(v12) ≥ · · ·, and then do the same for v2, v3, . . .;
(iv) Repeat (iii) for all the newly labeled vertices. Always start with the neighbors of the labeled vertex with the largest
degree whose neighbors are not labeled yet.
From Corollary 4.2, proceeding in a similar way as before, we have:
Theorem 4.4. Given the degree sequence, the greedy tree minimizes Γ (T ).
Acknowledgements
The authors want to thank Dr. Éva Czabarka for bringing them together, which resulted in this collaboration, and two
anonymous referees for their valuable suggestions.
The first author was supported in part by the NIH NIGMS contract 3R01GM078991-03S1, by the NSF DMS contract
0701111 and 1000475, and by a Marie Curie Fellowship HUBI MTKD-CT-2006-042794.
The second author was supported in part by funds from the Office of Research Services and Sponsored Programs at
Georgia Southern University.
The third author was supported in part by the Engineering and Physical Sciences Research Council [grant number
EP/D068800/1 ], by the Marie Curie Fellowship HUBI MTKD-CT-2006-042794, and by the Max-Planck-Institute for Mathe-
matics in the Sciences in Leipzig, Germany.
References
[1] B. Allen, M. Steel, Subtree transfer operations and their induced metrics on evolutionary trees, Ann. Comb. 5 (2001) 1–15.
[2] C. Delorme, O. Favaron, D. Rautenbach, On the Randić index, Discrete Math. 257 (2002) 29–38.
[3] A.A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: theory and applications, Acta Appl. Math. 66 (3) (2001) 211–249.
[4] M. Fischermann, A. Hoffmann, D. Rautenbach, L.A. Székely, L. Volkmann, Wiener index versus maximum degree in trees, Discrete Appl. Math. 122
(1–3) (2002) 127–137.
[5] P. Humphries, Combinatorial aspects of leaf-labelled trees, University of Canterbury, Ph.D. Thesis, 2008. http://hdl.handle.net/10092/1801.
[6] P. Humphries, T. Wu, On the neighborhood of trees (submitted for publication).
[7] F. Jelen, E. Triesch, Superdominance order and distance of trees with bounded maximum degree, Discrete Appl. Math. 125 (2–3) (2003) 225–233.
[8] R. Kirk, H. Wang, Largest number of subtrees of trees with a given maximum degree, SIAM J. Discrete Math. 22 (3) (2008) 985–995.
[9] D. Rautenbach, A note on trees of maximum weight and restricted degrees, Discrete Math. 271 (2003) 335–342.
[10] C. Semple, M. Steel, Phylogenetics, Oxford University Press, 2003.
[11] L.A. Székely, H. Wang, On subtrees of trees, Adv. in Appl. Math. 34 (2005) 138–155.
[12] S. Wagner, Correlation of graph-theoretical indices, SIAM J. Discrete Math. 21 (1) (2007) 33–46.
[13] H. Wang, The extremal values of the Wiener index of a tree with given degree sequence, Discrete Appl. Math. 156 (14) (2008) 2647–2654.
[14] H. Wang, Sums of distances between vertices/leaves in k-ary trees, Bull. Inst. Combin. Appl. (in press).
[15] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc. 69 (1947) 17–20.
